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I. INTRODUCTION

Fractional calculus is a mathematical tool used to study the derivatives and integrals of any order. It unifies and extends the
concepts of derivative and integral of integer order. Generally speaking, many scientists do not know these fractional
derivatives and integrals, nor do they use them in the purely mathematical field. However, in the past decades, fractional
calculus has been widely used in many scientific fields, such as mechanics, electrical engineering, viscoelasticity, biology,
physics, economics, etc [1-9].

The definition of fractional derivative is not unique. The commonly used definitions are Riemann-Liouvellie (R-L)
fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L) fractional derivative, conformable fractional
derivative, and Jumarie’s modified R-L fractional derivative [10-14]. Since Jumarie’s modification of R-L fractional
derivative helps to avoid non-zero fractional derivative of constant function, it is easier to use this definition to connect
fractional calculus with classical calculus.

In this paper, based on Jumarie type of R-L fractional derivative and a new multiplication of fractional power series, some
examples are given to illustrate how to use fractional power series method to solve fractional differential equations. Chain
rule and product rule for fractional derivatives play important roles in this article. In fact, our results are generalization of
those results of ordinary differential equations. On the other hand, the new multiplication we defined is a natural operation
of fractional power series.

I1. PRELIMINARIES
Firstly, we introduce the fractional calculus used in this paper.

Definition 2.1 ([15]): If 0 < a < 1, and x, is a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

(DO O0] = o * LTG0 gy )

IF(l1-a)dx “Xo (x—t)%
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where T'( ) is the gamma function. Moreover, we define (xng)"[f(x)] = (1,D¥) (x,D%) = (1, D) [f ()], and it is
called the n-th order a-fractional derivative of f(x), where n is arbitrary positive integer.

Proposition 2.2 ([16]): Let a, B, x,, ¢ be real numbers and 8 = a > 0, then

(oD = x0)7] = s (e = x) 7, @

and

(x,D%)[c] = 0. ©)

In the following, the definition of fractional power series is introduced.

Definition 2.3 ([17]): Assume that 0 < a < 1,x,x,, and a,, be real numbers for all k. Zfzoﬁ(x — xo)k is called
a a-fractional power series at x = x,,.

Next, we introduce a new multiplication of fractional power series.

Definition 2.4 ([18]): If 0 < a < 1, and x, isareal number. Suppose that f,(x%) and g, (x%) are a-fractional power series
at x = xq ,

fa(xa) = Zf=0ﬁ (X — xo)’“", (4)
ga(xa) = Z}?:o%(x — xo)k“. (5)
Then
fa(x*) & go(x*)

_ ' ak _ ka 0 bk _ ka
_ZRZOF(ka+1) (x — x0) ®Zk:0[‘(ka+1) (x — x0)

= S0 (Zhmo (X)) @rcmbm) G = x)*e. (6)

I'(ka+1)

In other words,

fa(x*) @ go(x)

®k ®k
_ 3 _ o bk 1 _ a
= Xk= 0k ([‘(a+1)( x%0)* ) ® Xic=o k! (F(a+1) (x = x0) )

= 502 (Shimo (X) @) (s e = 30)%) ™
Definition 2.5 ([19]): Suppose that 0 < a < 1,and f,(x%), g.(x%) are a-fractional power series at x = x, ,
Fux) = Nt (6 = 1) = N0 % (s = x)®) (®)
9a(r) = B mots (= 1) = N 2 (A = x)?) ©
The compositions of f, (x%) and g, (x%) are defined by
(fi © 9 (6 = fu(92(x®) = 02 (92 (x) ™", (10)
and
(Ga © f) (6D = galfuex) = N0 2 (fu(x)) ™" (11)
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Definition 2.6 ([19]): Suppose that 0 < a < 1, and x is a real number. The a-fractional exponential function is defined by

ka Rk
a\ — \oo X _ Yoo l 1 a
Ea(x%) = Xi=o [(ka+1) Li=o k! (F(a+1)x ) ) (12)

In addition, the a-fractional cosine and sine function are defined as follows:

- © (_1)kx2k(l _ o (_l)k 1 « ®R2k
€05 (x%) = Yo rZka+1) Lic=o (2k)! (I‘(a+1)x ) ’ (13)
and
. @ woo (—1)kx(2k+1)”‘ v (_1)k 1 @ ®(2k+1)
Sing (x%) = Xi=o [(k+Da+1) Li=o (2k+1)! (F(a+1)x ) ) (14)

Definition 2.7 ([20]): Let n be a positive integer, (fa(x“))®n =f,(x) Q- Q f(x%) is called the nth power of f, (x%).

Moreover, we define (£,(x%))®° = 1.

Theorem 2.8 (chain rule for fractional derivatives) ([21]): If 0 < @ < 1, and assume that f,(x%), g,(x%) are a-fractional
power series at x = x,. Then

(xng)[fa(ga(xa))] = (xoD)ccz)[fa(xa)](ga(xa)) ® (xoDaccz)[ga(xa)]- (15)

Theorem 2.9 (product rule for fractional derivatives) ([21]): Let 0 < a« < 1, and f,(x%*) and g, (x*) be a-fractional power
series at x = x,, then

(oD fu () @ g (x)] = (5D fa(x] B o (x®) + fu(x®) @ (1,DX) g (x)]. (16)
I1l. EXAMPLES

In this section, we give some examples to illustrate how to use fractional power series method to solve fractional differential
equations.

Example 3.1: Let 0 < a < 1. Solve the initial problem of first order a-fractional differential equation

1

(D)) ~ (s x)” = Eul) = 0, an

Y«(0) = 0. (18)

Solution Let the solution be

(oD9)[5ac©® | (00%) [¥axD10) (o0£)’ [¥axD1©) (00€) 1Y)
x% + x2% 4 x3% 4 Xt

Ya(x) = yo(0) +

I'(a+1) ra+1) rGGa+1) I'(4a+1)
(19)
Then by this fractional differential equation and chain rule and product rule for fractional derivatives,
®2
(DN = (;z5x%) + Eal¥e), (20)
a 2 a J— 1 a a a
(oD8) [5x] = 2" 1= 52" + Ea(7)®( oD ya(x)], (21)
3 2 ®2
(oD£) [5a] = 2 + Eo(3)8(oDF) 13O + Ea(7)® (( D) [3ax]) (22)
(oP) 15D = Ea(7)®( oDE) [¥a(x)] + 3 Ea 7)®( D) v (xD®( D) [ ye(x)]
®3
+ Ea(3)® (D) [ 7a(xD]) . (23)
Takig x = 0 and use the initial condition y, (0) = 0, we obtain
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(D) [Ya(x9](0) = 1, (24)
(oD£) Tya (IO = 1, (25)
(oDE) (72 (x) = 4, (26)
(oD$) Ty (x10) = 8. (27)
So we get the fractional power series solution of this a-fractional differential equation
Yo (x%) = r(a+1)xa r(2;+1)x2a r(3:+1)x3a r(4z+1) XA (28)

Example 3.2: Suppose that 0 < a < 1. Find the general solution of first order a-fractional differential equation

(F(a+1) )®( D) Ve (x )] — (F(a+1)x + 2) ® Yo (x¥) = -2 (F(a+1)x“)®2 -2 F(;H)x“. (29)

Solution  Let the general solution be

®k
Vo) = S0 ar (s ¥°) - (30)
Then by chain rule for fractional derivatives,
®(k-1)
(DY) = Trkar ;%) (31)

Taking into the original equation to get

Rk ®(k+1) Rk X2
1 x® R 1 a _ o 1 a 1 a 1 a
0= X1 kay (l"(a+1) ) Lizo O ([‘(a+1)x ) 2 Y=o ([‘(a+1)x ) +2 ([‘(a+1) x ) +2 rarn”

xa)®2 + Zlio=3((k = 2)ai — ak-l) (r(a1+1)xa)®k - (82

=—2a0+(_a1 a0+) X +( a1+ )(

I'(a +1) I'(a+1)
Thus,
ap=0,a, =2, and a; = ﬁ a_, forall k > 3. (33)
Hence,
a3z = 0z, Q4 = %a3 = %azl as = §a4 = %am e = ias = %am (34)

Therefore, the general solution of this a-fractional differential equation is

®2 ®3
ay — 9. 1 a 1 (x a l 1 a l 1 a
y“(x ) =2 F(a+1)x ta, (l‘(a+1)x ® [ I'(a +1)x + 2! (F(a+1)x ) + 3! (F(a+1) x ) + ]

=2.

L ya L) @ B, (x 35
ra* T (F(a+1)x) ® Eq (x%) . (35)

Where a, is any constant.

Example 3.3: If 0 < a < 1. Solve initial value problem of second order a-fractional differential equation

(D) [¥e(xD] + yo(x®) = 0. (36)
¥2(0) = =5, ( oDH)[ ¥, (x9]1(0) = 3. (37)
Solution  Let the solution be
Y = S () (38)
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Using chain rule for fractional derivatives yields

[24 [24 oo a ®(k_1)
(D) yex] = B ke (7 ) (39)
and hence,
2 o 1 ®(k-2)
(0D£) [¥e(x)] = Birzp k(k = Day (5 %) (40)
Taking into the original equation to obtain
j— (oo — 1 a ®(k_2) oo 1 a ®k
0 - Zk:z k(k 1)ak (F(a+1)x ) + Zk:o ak (F((I‘f‘l)x )
1 (24 1 a ®2 1 (04 ®3
= (ay + 2a,) + (a; + 6as) T + (a, + 12a,) (F(a+1)x ) + (a; + 20as) (F(a+1)x ) +-. (41
Hence,
ap+2a,=0,a, +6a;=0,a, +12a, =0,a; +20a; =0, - (42)
Thus,
1 1 1 1 1
Gz = =700, A3 = — 5,01, Ay = 100, A5 = 7,A1, Qg = — 1 Go, "™ (43)

So, the general solution of this a-fractional differential equation is

Ya(x®) = ay [% (l“(a1+1) xa) - i (F(a1+1) xd)®3 + é(l“(a;-i-l) xa)®5 - ] +do [1 - % (F(a1+1) xa)®2 + i (F(a1+1) xa)4 -

Where a,, a, are any constants.

= a, sing(x*)+aycos, (x*) . (44)

Since y,(0) = -5, ( 0D;g‘)[ya(xo‘)](o) = 3. It follows that a, = —5, a; = 3. Consequently, the fractional power series
solution of this initial value problem is

Ve (x%) = 3 sin, (x*) — 5cos,(x%) . (45)
1IV. CONCLUSION

In this paper, we provide three examples to illustrate how to use fractional power series to solve fractional differential
equations based on Jumarie’s modified R-L fractional derivative. A new multiplication of fractional power series, and chain
rule and product rule for fractional derivatives play important roles in this article. In fact, the new multiplication we defined
is a natural operation of fractional power series. In the future, we will use Jumarie type of R-L fractional derivative and
fractional power series method to expand the research field to engineering mathematics and fractional calculus problems.
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